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INVARIANCE PHYSICAL THEORY 


EUGENE WIGNER 


Thomas Jones Professor Mathematical Physics, Princeton University 


INITIAL CONDITIONS, LAWS NATURE, 
INVARIANCE 


THE world very complicated and clearly 
impossible for the human mind understand 
completely. has therefore devised artifice 
which permits the complicated nature the 
world blamed something which called 
accidental and thus permits him abstract 
domain which simple laws can found. The 
complications are called initial conditions, the 
domain regularities, laws nature. 
natural such division the world’s structure 
may appear from very detached point view, 
and probable though that the possibility 
such division has its own limits,’ the underlying 
abstraction probably one the most fruitful 
ones that human mind has made. has made 
science possible. 

The possibility abstracting laws motion 
from the chaotic set events that surround 
based two circumstances. First, many 
cases set initial conditions can isolated 
which not too large set and, spite this, 
contains all the relevant conditions for the events 
which one focuses one’s attention. the 
classic example the falling body, one can dis- 
regard almost everything except the initial posi- 
tion and velocity the falling body; its behavior 
will the same and independent the degree 
illumination, the neighborhood other objects, 
their temperature, etc. The the set 
conditions which influence the experiment 


artificial nature the division information 
into “initial conditions” and “laws nature” perhaps 
most evident the realm cosmology. Equations 
motion which purport able predict the future 
universe from arbitrary present state clearly cannot 
have empirical basis. is, fact, impossible ad- 
duce reasons against the assumption that the laws 
nature would different even small domains the 
universe had radically different structure. One can- 
not help agreeing certain degree with Milne 
who reminds (Kinematic relativity, Oxford Univ. 
Press, 1948, page that, according Mach, the laws 
nature are consequence the contents the universe. 
The remarkable fact that this point view could 
successfully disregarded and that the distinction between 


initial conditions and laws nature has proved fruit- 
ful. 


means trivial problem. the contrary, 
large fraction the art the experimenter 
and our occasional trips through laboratories 
all theoreticians have been periodically im- 
pressed the difficulties this art. 

However, the possibility isolating the rele- 
vant initial conditions would not itself make 
possible the discovery laws nature. is, 
rather, also essential that, given the same essential 
initial conditions, the result will the same 
matter where and when realize these. This 
principle can formulated, the language 
initial conditions, the statement that the abso- 
lute position and the absolute time are never es- 
sential initial conditions. The statement, that 
absolute time and position are never essential 
initial conditions, the first and perhaps the most 
important theorem invariance physics. 
were not for it, might have been impossible 
for discover laws nature. 

The above invariance called modern 
mathematical parlance invariance with respect 
displacement time and space. Again, may 
well remember that this invariance may have 
limitations. the universe should turn out 
grossly inhomogeneous, the laws nature 
the fringes the universe may quite different 
from those which are studying; and not 
impossible that experimenter inside closed 
room principle able ascertain whether 
the midst, near the fringes, the universe, 
whether lives early epoch the expan- 
sion the universe, advanced stage 
this process. The postulate the invariance with 
respect displacement space and time disre- 
gards this possibility and its application the 
cosmological scale virtually presupposes homo- 
geneous and stationary universe. Present evi- 
dence clearly points the approximate nature 
the latter assumption. 


INVARIANCE 


What are the other laws invariance? One 
can distinguish between two types laws in- 
variance the older ones which found their perfect, 
and perhaps final, formulation the special theory 
relativity, and the new one, yet incompletely 


PROCEEDINGS THE AMERICAN PHILOSOPHICAL SOCIETY, VOL. 93, NO. DECEMBER, 1949 


521 


| 
| 
| 
| 
| 
ip 
| 
‘tia 
| 
| 
$ 4 
4 
ae 
| 
& 


522 EUGENE 


understood, which the general theory relativity 
brought us. 

The older theories invariance postulate, 
addition the irrelevance the absolute position 
and time event, the irrelevance its orienta- 
tion and finally, the irrelevance its state 
motion, long this remains uniform, free 
rotation, and straight line. The former 
theorems are geometrical nature and appear 
self-evident that they were not formulated 
clearly and directly until about the turn the 
last century. The last one, the irrelevance 
the state motion far from self-evident, 
all know who have tried explain 
layman. There would such principle 
invariance Newton’s second law motion read 
“All bodies persist their state rest unless 
acted upon external the contrary, 
the scope this invariance could extended 
considerably the bodies maintained their state 
acceleration rather than their velocity the 
absence external force. fitting that 
this principle was first enunciated, full clarity, 
Newton his Principia. 

The fact that the older principles invariance 
are the products experience rather than 
priori truths can also illustrated our gradual 
abandonment very plausible principle, the 
principle similitude. This principle, formulated 
perhaps most clearly Fourier, demands that 
physical experiments could scaled; that the 
absolute magnitude objects irrelevant from 
the point view their behavior the proper 
scale. The existence atoms, elementary 
charge, and limiting velocity spelled the doom 
this principle. 

The formulae describing what calling the 
older principles invariance were first given 
completely Poincaré who derived them from 
the equations electrodynamics. also recog- 
nized the group property the older principles 
invariance and named the underlying group 
after Lorentz. The significance 
validity these principles were recognized, how- 
ever, only Einstein. His papers special 
relativity also mark the reversal trend: until 
then, the principles invariance were derived 
from the laws work es- 
tablished the older principles invariance 
firmly that have reminded that they are 
based only experience. now natural for 
try derive the laws nature and test 
their validity means the laws invariance, 
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rather than derive the laws invariance from 
what believe the laws nature. 

The general theory relativity the next mile- 
stone the history invariance. The fact that 
the first attempt derive law nature 
selecting the simplest invariant equation would 
itself justify the epithet. More important, 
opinion, that the general theory relativity 
attempts give the range the validity the 
older theorems invariance and replace them 
with single, more general theorem. The limita- 
tion the older theorems invariance given 
the structure space which manifests itself 
variable curvature. Since the curvature is, 
principle, observable, displacement from re- 
gion low curvature one with high curva- 
ture does not leave the laws nature invariant. 
true that the old fashioned physicist can 
always blame the differences the laws na- 
ture, they are valid for different points the 
universe, the absence proximity masses. 
This, however, restores the general validity the 
older invariances only making them meaning- 
less. Clearly, two points space time are 
equivalent only they are surrounded the 
same distribution masses, their equivalence 
will the exception rather than the rule. 

The new principle invariance which the gen- 
eral theory relativity substitutes for the older 
ones that all actions are transmitted fields 
which transmit the perturbations from point 
point. Expressed more the 
events one part space depend only the 
fields, the measurable quantities, the 
neighborhood that part space; the effect 
events outside moves only with finite veiocity. 
This postulate invariance much bolder, and 
has much less artificiality than the older postulate 
invariance with respect the inhomogeneous 
Lorentz group. The above formulation little 
more phenomenological than the customary one. 
The customary requirement invariance with re- 
spect all differentiable coordinate transforma- 
tions is, however, included it. Both postulates 
express the fact that the laws physics and 
geometry involve only local measurements such 
can expressed differential equations. 
particular, the definition preferred Galilean 
coordinate system, reference other, distant 
Galilean coordinate systems, barred the pos- 
tulate that all the information which necessary 
describe the immediate future the region 
question can obtained local measure- 
ments. Hence information relating distant 


I 


VOL. 93, NO. 1949] 


points cannot add anything relevant the knowl- 
edge local conditions would the case 
they would enable one define preferred co- 
ordinate systems. 


INVARIANCE QUANTUM MECHANICS 


When the great paradoxons atomic physics 
first became apparent about thirty years ago, 
was easy despair such degree our 
ability understand the laws physics 
propose throwing into the winds all laws 
physics, excepting the conservation laws for en- 
ergy and momenta. was, fact, Einstein who 
recommended such 

The efforts the past thirty years culminated 
having accomplished just that: now believe 
that have consistent theory atomic proc- 
esses, consistent with the older concepts space 
and time, and invariance. This theory based 
analysis the measuring process, carried out 
principally Heisenberg and Bohr, which em- 
phasizes the effect the measurement the 
measured object. thus contradictory the 
simple concept measuring out the field, the con- 
cept which underlies the customary formulation 
general relativity. particular, the measurement 
the curvature space caused single particle 
could hardly carried out without creating new 
fields which are many billion times greater than 
the field under 

Very little effort has been made far 
modify the concepts the general theory 
relativity with appreciation the effect the 
act measurement the object the measure- 
ment. However, the older principles invariance 
are harmony with quantum mechanics and this 
harmony more complete, the interdependence 
quantum equations and the theory their 
invariance more intimate, than was pre- 
quantum theory. 

Let first stress the points similarity be- 
tween the role invariance classical and 
quantum theories. The principles invariance 
have dual function both theories. the 
one hand, they give necessary condition which 
all fundamental equations must satisfy: the ir- 
relevant initial conditions must not enter 


Poincaré, Dynamics electrons, Comptes Rendus 
140: 1504, 1905; Sur dynamique Circolo 
Mat. Palermo Rend. 21: 129, 1906. 

interesting problem this connection was 
broached recently Osborne, Quantum theory 
restrictions the general theory relativity, Bull. 
Amer. Phys. Soc. (2) (Berkeley Meeting) Paper A-3, 
1949. 
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relevant fashion into the results the theory. 
Second, once the fundamental equations are given, 
the principles invariance furnish, the form 
conservation laws and otherwise, powerful as- 
sistance toward their solution. The conservation 
laws for linear momentum and energy, for angular 
momentum and the motion the center mass, 
can derived both classical theory and 
quantum mechanics from the invariance the 
equations with respect infinitesimal displace- 
ments and rotations 

However, with these points analogy, the 
similarity between the roles invariance clas- 
sical and quantum physics pretty much 
end. The reason is, fundamentally, that the 
variety states much greater quantum 
theory than classical physics and that there is, 
the other hand, the principle superposition 
provide structure for the greatly increased 
manifold quantum mechanical states. The 
principle superposition renders possible the 
definition states the transformation properties 
which are particularly simple. can fact 
shown that every state any quantum me- 
chanical system, matter what type inter- 
actions are present, can considered super- 
position states elementary systems. The 
elementary systems correspond mathematically 
irreducible representations the Lorentz group 
and such can enumerated. Since the equa- 
tions motion the states elementary systems 
are completely determined their invariance 
properties, every state linear combination 
states the history which completely known. 
However, the description irreducible states, 
the form almost all physically important opera- 
tors remains unknown and, fact, depends the 
system, the type interactions, etc. This leads 
rather strange dilemma; the customary 
description the form the physically important 
operators known but the time dependence the 
states unpredictable difficult calculate. 
the description just mentioned, the situation 
opposite; the time dependence the states fol- 
lows from the invariance properties, but the form 
the physically important operators hard 
establish. There one exception this; the 


4In classical theory, this observation due 
Klein’s school. Cf. also Engel, Uber die zehn allge- 
meinen Integrale der klassischen Mechanik, Gesell. der 
Wiss. Nach., 1916, 270; also Hamel, 
Die Lagrange-Eulerschen Gleichungen der Mechanik, 
Ztschr. Math. Physik 50: 1904, and Bessel- 
Hagen, Uber die der Elektrodynamik, 
Math. Ann. 84: 258, 1921. 
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states elementary particles are formed the 
superposition the states single invariant 
set. result, the possible equations ele- 
mentary particles can easily enumerated and 
some progress has been made recently also toward 
the invariant theoretic determination the oper- 
ators for the most important physical quantities. 
The property which makes particle elementary 
the sense the above statement that shall 
have internal coordinate, which would permit 
invariant division its states into two 
more groups. certainly accident that all 
elementary particles, including the light quantum, 
obey irreducible equations and hence form ele- 
mentary systems the above sense. Since the 
rigid body what may considered classical 
mechanic’s closest analogue 
particle, the group theoretical description the 
motion rigid body must considered the 
closest analogue the above result. 

The second point which wish draw at- 
tention the comparison quantum and pre- 
quantum theories concerns the significance 
transformations invariance, such reflections, 
which cannot generated infinitesimal ele- 
ments. These had very little role the classical 
theory but prove their value both the discus- 
sion fundamental equations, and also the 
attempts solve these. Into the former category 
belongs for instance the observation that the 
theory which identifies the neutrino with the 
antineutrino, attributing the inversion 
space coordinates non-linear operation involv- 
ing transition the conjugate complex wave 
function, cannot welded into theory which 
describes also particles the conventional 
The applications the reflection invariance for 
facilitating the solution the fundamental equa- 
tions are even more obvious. They lead for in- 
stance the concept Laporte’s parity quantum 
member—one the most important concepts 
spectroscopy. 

Less specifically, but perhaps not less accurately, 
one can speak the general impression quan- 
tum mechanics, and the theory the invariance 
its equations, forming inseparable entity, al- 
most the degree which this true the 
general theory relativity. Schwinger’s quan- 
tum electrodynamics gives the latest and starkest 
Weyl, Elektron und gravitation Ztschr. 
Physik 56: 330, 1929. 

Another very interesting set examples has been 
given recently Okayama, the mesic charge, 
Phys. Rev. 308, 
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manifestation this situation: his theory cannot 
formulated all without developing, unified 
with it, its theory invariance. Furthermore, 
one inclined believe that this union the 
most important success the theory; that even 
the explanation definite and previously unex- 
pected experimental phenomena less important 
than the knowledge that can, general, 
carry out our calculations physical phenomena 
invariant fashion, obtaining the same results 
start with only irrelevantly different initial 
conditions. 


CONSERVATION ELECTRICAL CHARGE 


account the role invariance quantum 
mechanics would remain grossly incomplete 
did not mention dissonant sound the harmony 
quantum mechanics and the older theorems 
invariance. This the conservation law for the 
electrical charge. While the conservation laws 
for all other quantities, such energy angular 
momentum, follow natural way from the prin- 
ciples invariance, the conservation law for elec- 
tric charge far has defied all attempts 
place equally general basis. The situa- 
tion was, course, the same classical me- 
chanics but the simplicity the connection be- 
tween invariance and the ordinary conservation 
laws makes the situation even more conspicuous 
quantum mechanics. 

short description the derivation the 
usual conservation laws will make this perhaps 
more evident than abstract discussion. 
order derive the conservation law for linear 
momentum, one first constructs state which 
one component, say the component the linear 
momentum, has definite value For this pur- 
pose, one chooses arbitrary the sys- 
tem for which one wishes show the conserva- 
tion theorem and constructs all states obtained 
the direction. One then considers the super- 
position the states with the coefficients 


This state has the property that further dis- 
placement 


—@ 


just multiplies with called pure 
state with momentum component the direc- 
tion. The property being multiplied 
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upon displacement will not lost 
time: goes over, after some time, into 
the state will over into the which results 
from displacement This follows from 
the invariance the equations motion with 
respect displacements. result this and 
the linearity the equations motion, will 
over the time question into 


which also multiplied upon displacement 
This property, which the state 
with momentum not lost the course time 
and this constitutes the principle conservation 
linear momentum. 

Similar considerations involving the other prin- 
ciples invariance lead the other conservation 
laws. Furthermore, the quantization and the pos- 
sible values the quantized quantities also emerge 
naturally from the above consideration. Thus 
the quantization the angular momentum the 
result the condition that rotation always 
restores the system its original state. 

consideration similar generality and 
simplicity the above one known which would 
explain the conservation law for electric charges. 
One can borrow the following argument from 
classical theory Suppose could create charges 
some process closed system. Let put 
then this closed system into Faraday cage, charge 
the cage, and create the charge the closed sys- 
tem. certain energy will necessary for this 
process. However, inasmuch physical 
phenomenon depends the absolute value the 
potential, the amount energy cannot depend 
the potential the Faraday cage inside 
which the charge created. Let then take 
our closed system out the Faraday cage and 
move away from it, thereby obtaining certain 
amount work Let then reverse the 
process which led the creation the charge 
and gain amount energy which equal 
the amount energy expended the first 
place, since the process closed system must 
not depend the absolute value the electric 
potential which that system is. now can 
replace the discharged system into the Faraday 
cage without the expenditure any work and 
have carried out cycle which resulted net 


This point was emphasized Oppenheimer dur- 
ing the discussion which followed the presentation 
this paper. 
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gain work. This impossible according 
the first law and shows that one our assump- 
tions must have been faulty. the assump- 
tion that electric charges can created 
closed system. 

The above argument shows the connection be- 
tween the conservation law for electric charges 
and the assumption the irrelevance the 
absolute magnitude the electric potential. 
has been translated into quantum mechanics and 
has been given much more elegant and gen- 
eral Nevertheless, falls short the 
consideration leading the other conservation 
laws convincing force and, certainly, its 
failure account for the quantization the 
electric charge. 

The lack full clarity concerning the founda- 
tion the conservation law for charges raises 
several important points. our present scheme 
quantum mechanics incomplete some funda- 
mental respect? particular, the Hilbert 
space with complex coordinates the proper frame- 
work for describing state vectors? Would the 
use more general hypercomplex wave functions 
give essentially different results? But the most 
important question is, undoubtedly: the exist- 
ence conservation law particular feature 
the electromagnetic type interaction are 
going encounter, perhaps have already 
similar conservation laws for other 
types interaction 


London, Quantenmechanische Deutung der Theorie 
von Weyl, Ztschr. Physik 42: 375, 1927; Cf. also 
Weyl, loc. cit.. 

conceivable, for instance, that conservation 
law for the number heavy particles (protons and 
neutrons) responsible for the stability the protons 
the same way the conservation iaw for charges 
responsible for the stability the electron. Without 
the conservation law question, the proton could dis- 
integrate, under emission light quantum, into posi- 
tron, just the electron could disintegrate, were not 
for the conservation law for the electric charge, into 
light quantum and neutrino. The Gedanken experiment 
which led the conservation law for charges would as- 
sume the following, admittedly somewhat vague form, 
one wanted prove conservation law for the number 
nucleons: Assuming that there such conserva- 
tion law, two nucleons could first created dis- 
tance from each other which large compared with the 
range nuclear forces. amount energy would 
needed for this. The nucleons then could permitted 
approach each other, furnishing the amount work. 
Finally, they would permitted annihilate which 
would again release the energy first expended. net 
gain energy would result. The impossibility 
perform the above operations may, course, con- 
nected with many physical phenomena, such the im- 
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Relativity theory, the celebration which 
the present paper intended contribute, has 
enriched physics two ways. has resolved 
acute difficulties, presented the Michelson- 
possibilty localizing sufficiently accurately the systems 
which the nucleons are created (i.e., the existence 
fundamental length). The impossibility may also 
the consequence the dependence the energy 
which necessary create the nucleons, the absolute 
value the nuclear The point view which 
wish represent is, however, that the impossibility 
the creation nucleons (without creating 
the real resolution the paradoxon. may men- 
tioned, third point similarity between the two 
conservation laws, that there evidence, although con- 
tested some recent experiments, that the 
charge” all nucleons the same. this should prove 
true, would evidence for the quantization 
the mesonic charge. This quantization would analo- 
gous the well known quantization the electric charge. 
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Morley, the Fizeau, the Trouton-Noble and other 
experiments. has done this profound 
analysis the space-time concept and its results 
this connection are part the store knowledge 
all physicists. more lasting and more 
subtle probably the contribution which relativity 
theory has made indirectly. Most important 
among the indirect contributions the theory 
relativity was its demonstration for the need and 
fruitfulness the analysis apparently well es- 
tablished concepts, such have formed habit 
thought for many generations. Its fostering 
the emergence the importance the concept 
invariance, its enlarging the scope this con- 
cept, can, believe, justly claim second position. 

mann’s critical comments and remarks 
present paper. 
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THE PRESENT STATE RELATIVISTIC COSMOLOGY 


ROBERTSON 


Professor Mathematical Physics, California Institute Technology 


has been aptly remarked one you that, 
for review the “present state” relativistic 
cosmology, the present occasion either thirteen 
years too late, three years too early! This 
commentary is, and large, unfortunately justi- 
fied the facts—although the estimate three 
years more promising time for such review 
is, fear, very much the optimistic side! But 
although agree that the present not the most 
appropriate time for definitive review the 
subject, surely keeping with the purpose 
this Symposium sketch the role played the 
developments initiated Albert Einstein his 
genial application the general relativity theory 
gravitation the cosmological problem. 


ANCIENT COSMOLOGIES 


Let therefore begin brief mention the 
leading theories—or have 
been proposed the past scientific models 
the astronomical universe whole. Until the 
Renaissance the model which held the most ad- 
herents was that passed down from the Greeks, 
which the seven wanderers are contained within 
uniformly rotating sphere, upon which the 
“fixed” stars are fastened. The whole arena 
heavenly phenomena was thus gob Euclidean 
space contained within sphere indeterminate, 
but certainly for our thinking exceedingly small, 
radius. 

This small finite and bounded universe was 
extended, Thomas Digges’ account (1576) 
the Copernican system, infinite space, “the 
very court coelestiall angelles garnished 
with perpetuall shininge glorious lightes innumer- 
able,” view which has the main prevailed un- 
til shaken cosmological investiga- 
tions. But this infinite wor!d, with its infinite dis- 
tribution stars, could only with difficulty 
incorporated into the Newtonian world-picture 
which dominated the succeeding centuries. For 
according uniform distribution uniformly 
luminous stars would result indeterminate 
gravitational force, and even worse uniform 
luminosity over the whole sky. But the star 
counts did not hold required the uni- 
formity postulate, according which the number 


out any given distance should proportional 
the volume the sphere encompassing them. 
Early the present century became clear that 
certain the luminosities—now called extra- 
galactic nebulae, external galaxies, simply 
nebulae—were fact great clouds stars and 
other matter, comparable our own Milky Way 
system; these seemed exhibit the approximate 
uniformity distribution anticipated the older 
cosmology. 


EINSTEIN’S MODEL 


about the same time Einstein was develop- 
ing his general relativity theory gravitation, 
which its nature was bound impinge upon the 
problem. attempt adapt Mach’s principle 
—that the inertial property matter coop- 
erative effect all the matter the universe— 
his theory, Einstein was led the concept 
finite but unbounded space, limited volume 
and circumference, throughout which the existing 
matter was distributed random. This required 
the introduction into his theory apparently 
alien “cosmological constant” the physical 
dimensions curvature which 
turned out his model proportional the 
mean density matter space. But the theory 
also presupposed that matter was rest, and this 
was inconsistent with the growing mass evi- 
dence, adduced mainly Slipher Lowell, that 
light from the more distant nebulae suffered 
“red-shift,” which was greater the greater the 
distance the nebulae. Such red-shift could, 
the basis accepted physical theory, best ex- 
plained indicating that these bodies were mov- 
ing away from what amounted to, for known 
astronomical motions, exceedingly large veloci- 
ties. 


THE EXPANDING UNIVERSE 


the basis this hint systematic motions 
within the nebular world, both theory and obser- 
vation made great strides during the 1920’s. 
the hands Weyl, Friedmann, Lemaitre, Tolman, 
and the author, the theory spatially homo- 
geneous and isotropic universe took 
shape, and seemed offer sufficiently elastic 
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background for the description the principal 
macroscopic observations. Chief 
were the red-shift observations Hubble and his 
collaborators Mount Wilson, which led 
essentially linear velocity distance relationship out 
nebulae apparent magnitude 18, and the ob- 
servations Hubble the distribution angle 
and magnitude nebulae out the 21st magni- 
tude, the practical limit the Hooker re- 
flector. Theory and observation seemed here 
hand hand, and was thought only neces- 
sary sharpen the numerical data enable one 
choose satisfactory model out the class 
developed the theory. The attempt defini- 
tive solution was made Hubble, with the as- 
sistance the theoretical side Tolman, 
examination which now turn. 

this end shall have here go. some 
detail into the mathematical formulation the 
theory, order see what data are required 
the observations order arrive unique 
cosmological model. equations gra- 
vitation for this class models reduce the 
two differential equations 


the density and pressure p(t) matter 
plus energy this time. the dots represent 
differentiation with respect time, 
constant the sign the curvature space 
spherical (of finite total volume and 
hyperbolic (of infinite volume, apart from pos- 
sible topological considerations 

now assume, reasonable accord with 
observation, that the density energy may 
neglected comparison with that matter, and 
that the kinetic pressure nebular motion 
negligible, then and consequence the 
above differential equations constant 
time, where now the density matter. Un- 
der these conditions the first the gravitational 
equations integral the second; hence 
not wish use the (but inaccurately 
known) present density matter the uni- 
verse, may concentrate the second equation 
alone, after setting the left-hand side ef- 
fect the complete integration this equation for 
the radius R(t) suffices know its present 
value and the present value its derivative, 
addition the cosmological constant 
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natively—and this the procedure adopted 
practice Hubble and Tolman—we may intro- 
duce our three empirical data the present values 
the curvature and the two quantities 
Ro/cRo, From these the value the 
constant may determined from the second 
equation, and the present value the mean 
density matter from the first. 


HUBBLE’S MODEL 


determining his solution, Hubble used the 
three following data: 
The coefficient 


the linear term the velocity-distance relation- 
ship constant”). The reciprocal 
this constant, 1.86 10° It. yr., represents the 
time which would required for the universe 
arrive its present state expansion the 
nebulae had all started common time from 
common origin, and travelled outward for this 
time with their present velocities 

The coefficient the quadratic term the 
velocity-distance relationship, which leads the 
value 


for our second parameter, from which follows 
that the nebular motion the present epoch 
being decelerated 

Hubble’s numbers nebulae observed out 
various magnitudes, derived after theoretical 
and instrumental corrections from five surveys 
the magnitude range indicates that 
the number increases faster than the volumes 
the corresponding spheres Euclidean space. 
Homogeneity can, however, maintained as- 
signing space the large positive curvature 


It. yr. 
From these data the value 


the cosmological constant can obtained, and 
R(t) found numerical integration. The re- 
sulting model has repulsively short time-scale 
(4.7 It. yr.), and excessively high pres- 
estimated Altogether, this model 
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unpalatable lead Hubble consider calling 
upon some “new principle nature” obviate it. 

Because its limited time, well the weak- 
ening light from distant nebulae Doppler 
shift, this model does not give rise the paradox 
uniform illumination over the whole sky, 
does the Diggesian cosmology. But the possi- 
bility new bugaboo always looked for 
any finite universe, for possible that the 
theory will predict that light will traverse com- 
pletely, giving the appearance anti-Sun 
anti-nebula the celestial antipodes the true 
Sun nebula, washed out, doubt, the effects 
inhomogeneities the actual metric. this 
respect Hubble’s model interesting one, for 
the structure space the full three-dimensional 
analogue ordinary sphere (“spherical 
will not yet have had time 
all the way around it, also the case the 
Einstein model. But the structure space 
that the mathematically possible “elliptical 
space which the antipodal 
points are identified—light will have had time 
circumnavigate completely. far evidence 
for this has been brought forward, should 
favor spherical space for Hubble’s model. 


CRITICISM AND COMMENT 


Hubble’s 1936 solution the most important 
attempt deduce specific cosmological model 
from the nebular data—which lends point the 
remark referred the outset. The principal 
question can put ourselves whether this 
model and the conclusions drawn from are in- 
escapable consequences the raw data upon 
which based, whether may look upon 
valiant attempt which grants qualitative 
understanding the gross behavior matter, 
but which may reasonably hope will the 
future supplanted quantitatively more 
satisfactory model from improved and augmented 
data. believe may fairly said that the 
latter alternative the one held most likely the 
majority those who have concerned themselves 
most deeply with the problem. The grounds for 
this belief are many and varied, and can here 
best sketch briefly the more cogent them. 


REDUCTION DATA 


First, what extent the raw data neces- 
sarily lead Hubble’s model? The process 
reducing the data for comparison with the ideal 
elements the theory most involved one, 
upon the more instrumental phases which 
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not myself qualified give expert opinion. 
One the most important the corrections 
the raw data occasioned the red-shift itself, 
for account must taken the selective effect 
light increased wave-length passing through the 
atmosphere, being reflected the telescope, and 
registering the photographic plate. The re- 
sulting correction the recorded nebular mag- 
nitudes the same order the real increase 
apparent magnitude caused the Doppler shift 
—which latter, incidentally, weakens the light 
from the more distant nebulae that the paradox 
uniform illumination over the whole sky 
avoided the expanding models. But according 
Greenstein the correction here applied Hub- 
ble, based the assumption that the nebular 
light can represented black body radiation 
temperature 6000°K., underestimates the ef- 
fect—which would increase the difficulties the 
model. Heckmann, the other hand, believes 
that this selective effect “has very probably been 
overestimated Hubble.” Which leaves 
pretty much were—if not worst 
Heckmann has subjected the whole problem 
the reduction Hubble’s data searching 
analysis, which brings out several points con- 
siderable current interest. One these his 
finding that the probable error the parameter 
several times its value, from which 
would appear that even the sign cannot 
inferred with certainty. But fact posi- 
tive, there possibility that the unacceptably 
short time-scale Hubble’s model may in- 
creased enough bring within striking dis- 
tance other independent time-scale estimates. 
general, however, Heckmann’s revision does 
nothing ameliorate the difficulties, his esti- 
mates curvature and density are even higher 
than those Hubble. But, view the un- 
certainties encountered, ends his examination 
with the plea “not burden the observations 
with load decisions which they cannot carry.” 
quite different treatment the problem 
given McVittie, who led his analysis 
curvature and density. McVittie accepts the data 
(1) and (3), but rejects (2) the curious 
ground that the velocity-distance 
upon which based drawn from empirical 
evidence nebulae brighter than those used 
the nebular counts—which surely can also said 
the datum (1). uses place (2) the 
mean mass visible nebulae, which takes 
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The reduction then made various 
assumptions concerning the moot point involved 
the reduction the photographic magnitudes, 
and results each case open universe which 
avoids the disagreeable features Hubble’s 
model. 
INTRINSIC LUMINOSITY NEBULAE 

Some the temporal and spatial effects 
apparent magnitude—such the fact that the 
nebulae were nearer the time the light 
are observing was emitted than they are now 

are automatically taken care the theory, 
but others are not. Prominent 
latter the question whether there has been 
secular change the intrinsic luminosity 
nebulae during the time the light transit, for 
such change would affect the apparent magni- 
tudes distant nebulae more than those near 
ones, resulting distortion the scale dis- 
tance. Thus the absolute magnitudes the ob- 
served nebulae have beeen increasing the rate 
.06 per yr., the intrinsic luminosities 
decrease little more than per cent per yr., 
the apparent piling nebulae the deeper 
surveys may accounted for without calling 
Hubble’s drastically large curvature. Indirect 
light this question has recently been shed 
Stebbins and Whitford, who report very con- 
siderable reddening the integrated light from 
distant nebulae, compared nearer ones the 
same type, over and above the effect the known 
Doppler shift. Whatever the cause this excess 
reddening, must expected have far-reach- 
ing consequences for the present problem. Thus 
if, suggested Schwarzschild, the apparent 
reddening due the burning out high- 
luminosity red giant stars, the correction would 
entail outward distance factor greater than 
that required offset the apparent piling 
Hubble’s more distant surveys. Pending further 
work, the authors cautiously state the 
explanation the color excess, the interpretation 
nebular counts will certainly affected new 
corrections involving the absolute energy-curves, 
improved magnitudes, and color and lumi- 
nosity changes which are functions the dis- 

HOMOGENEITY 


Hubble’s data, reduced without taking pos- 
sible space-curvature effects into account, indicate 
increase density about one-third going 
from the nearest the furthest survey. 
smooth these out, accordance with the postu- 
lates the homogeneous models, requires the 
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adoption the excessively large curvature re- 
ported above. Clearly this procedure incapable 
distinguishing between true inhomogeneity 
the empirical distribution and the effect curva- 
ture; have therefore ask ourselves how the 
distinction made with the aid other, 
independent, data. 

But first let consider the role the isotropic 
and homogeneous models relativistic cosmology 
application the real world. These solutions 
are designed describe the behavior hypo- 
thetical universe whose material content does 
fact possess the postulated uniformity; such, 
they are mathematical models, par with Eu- 
clidean geometry. The postulates which they 
are based, and therefore the theorems deduced 
therefrom, may may not applicable the 
real world. And not, the more complete theory 
which they are special cases must called upon 
handle the more complex situation presented 
us; here is, however, case for judicious 
wielding Occam’s razor, for the more para- 
meters the class models admitted, the less 
compelling the choice particular one. 

recently shown Omer, that relaxation the 
requirement uniformity depth allows the in- 
troduction spherically symmetric model fitting 
Hubble’s data, including the assumption 
local mean density with local 
3.64 yr. this particular model the 
density matter the limit the 100” grows 
per cent more than our neighborhood, but 
would seem possible vary this within wide 
limits suitable choice the parameters in- 
volved. 

there, then, any independent evidence for 
against the general uniformity, the grand 
scale, the nebular population the visible uni- 
For one thing, more recent work, includ- 
ing the survey now under way Lick, has indi- 
cated that clustering very general phenomenon 
—so general that perhaps the great majority 
all nebulae are members clusters. But except 
for providing the possibility greater fluctua- 
tions density than previously expected, this 
clustering tendency alone should not affect the 
uniformity sufficiently large scale, provided 
the clusters are themselves distributed random. 
That there can exist very large variations 
angular distribution nebulae shown 
Shapley from the Harvard survey nebulae out 
magnitude 18.2 the southern hemisphere. 
arbitrarily dividing the data into the eastern 
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and western halves, the former found have 
almost half again many nebulae the latter. 
And these counts substituted turn for 
those the nearest survey used Hubble, and 
the data reduced outlined above, the effect 
the fluctuation here noted most spectacular. 
This procedure can, course, not taken 
indicating more than the sensitiveness the 
model the choice the sample employed. 

Mention should here made most in- 
teresting extension theory, currently proposed 
Godel the Einstein anniversary number 
the Review Modern Physics, which deals with 
the possibility residual angular momentum 
the material content the universe. This pos- 
sibility has been ignored the relativistic cos- 
mologies, possibly because the general belief 
that Mach’s principle implied, least modi- 
fied form, the general relativity equations 
gravitation. solution casts some doubt 
upon this presupposition, although yet 
too early judge its validity for cosmological ap- 
plication. But can fact shown that 
there can exist general rotation with respect 
the inertial frame, may expected have 
effect various cosmogonic problems, 
the practical problem determining true 
inertial frame for astronomical 
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fine, would seem that the homogeneous 
cosmological models general relativity are capa- 
ble describing qualitatively, and even semi- 
quantitatively, the main features the world 
nebulae. The rigorous application them 
Hubble’s present data leads, however, one with 
quite undesirable features—too short time-scale, 
and probably too great curvature and density. 
Controversial points have been raised against cer- 
tain the assumptions and reductions employed, 
further work may allow retain one these 
ideal models—if only deference our desire 
for simplicity the background, against which 
the indubitable variations from uniformity can 


exhibited. 


added proof. now appears that 
mathematically unexceptionable, solution gives little en- 
couragement the view that there may exist physically 
acceptable solutions gravitational equations 
which contradict the modified Mach’s principle. Specifi- 


cally, there exists static solution admitting simply 
transitive group motions for which the physical 
are minimal invariant varieties—other 
than the static Einstein world, with zero total angular 
momentum. 
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may look forward improved and aug- 
mented data the not too distant future, for the 
200” Hale reflector Palomar will extend the 
distance which nebulae can photographed 
around billion light-years. Similarly, the range 
over which red-shifts can measured will 
doubled, that the present velocity-distance re- 
lationship holds may expect red-shifts 
the order one-fourth, representing nebular veloci- 
ties approaching one-fourth the velocity light, 
which should provide with reliable estimate 
the present acceleration Ro. 

General knowledge the distribution the 
brighter nebulae should greatly augmented 
the Lick and Palomar-National Geographic sur- 
veys now going forward. these may con- 
fidently add improved magnitude standards, and 
perhaps new knowledge concerning the luminosity 
trend typical nebulae. Altogether, should 
expect work definitive test the homo- 
geneous models—and they fail, have the ma- 
terial for some satisfactory, but less restrictive, 
general relativity model the then visible uni- 
verse. But not within three years! 
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RELATIVITY EFFECTS MOTION 


CLEMENCE 


Director Nautical Almanac, Naval Observatory 


well known that when the equations 
planetary motion under the general theory rela- 
tivity are developed form suitable for ex- 
hibiting the differences between this theory and 
the older Newtonian theory, the chief difference 
(and, fact, the only one large enough 
detected observation) may described 
follows: the orbit any planet, considered 
ellipse, rotates whole its own plane 
speed somewhat greater (in the same direction 
the planet moves) than Newton’s laws require. 
The rotation the orbit commonly called the 
motion the perihelion, and the excess motion 
demanded general relativity the 
miliar constant, half the major axis the 
elliptic orbit, the velocity light, the 
time required for one revolution the planet 
the ellipse, and the eccentricity the ellipse. 
and are expressed centimeters and 
seconds, then the formula gives the fraction 
revolution through which the orbit rotates during 
one revolution the planet. The rotation the 
orbit and the revolution the planet are both 
with reference inertial frame. For compari- 
son with observations convenient express 
the relativity effect seconds arc per Julian 
century 36,525 mean solar days. The numerical 
values for the five principal planets are 

The numerical value not any measure 
the precision with which the effect can ob- 
served. The orientation the orbit planet 
cannot directly observed, but must deduced 
from the motion the planet. The perihelion 


TABLE 


RELATIVITY EFFECTS 


Planet kev 
Mercury 8"847 
Venus 8.63 0.059 0.03 
Earth 3.84 0.064 0.06 
Mars 0.126 0.38 
Jupiter 0.06 0.003 


Eddington, S., The mathematical theory rela- 
tivity, 2nd ed., 87, London, Cambridge Univ. Press, 1924. 


fixed observationally the condition that this 
point the orbit the planet’s angular velocity 
maximum. The larger the eccentricity the 
the greater will the difference between 
the planet’s maximum and minimum velocities, 
and the greater will the precision observa- 
tion the rotation the orbit. The quantity 
measure the relative precision with 
which the motions the perihelia can measured, 
under the assumption that the different planets can 
observed equally well. fact this not the 
case. loss accuracy occurs with Mercury 
and Venus, because their orbits are interior 
that the earth. When they are moving across 
the line sight they are very near the sun 
the sky, and the observations are very difficult and 
inaccurate; when they are far out from the sun 
they are moving nearly along the line sight, 
and observation the planet’s position tells 
little about its position the orbit. further 
difficulty arises from the shape the visible disk 
the planet, which changes like the moon, and 
prevents the observer from locating the center 
gravity with the desired precision. With Mars, 
the other hand, there advantage not en- 
countered with the other result the 
close approach Mars the earth, small dis- 
placement the orbit magnified several fold 
seen from the earth, with concomitant dif- 
ficulties observation. precise numerical 
measure can assigned the effects just men- 
tioned, but denotes approximate factor 
obtain the true measure relative precision, and 
taken unity for the earth, then estimate 
its values for Mercury, Venus, and Mars 
and The values and kev are given 
table 

The quantity kev larger for Mercury than 
for the other fact well known that 
the motion Mercury confirms the theory 
general relativity with greater precision than can 
obtained any other way. For long time, 
however, somewhat contradictory results were 
obtained different investigators, owing largely 
systematic errors various kinds with which 
observations Mercury are affected. The most 
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recent discussion all significant observational 
material gives for the observed rate rotation 
Mercury’s orbit 1850, seconds are per 
Julian century, 5599.74 (probable error). 
The total theoretical motion, relative the frame 
reference which the observations are made, 
is, excluding the relativity effect, 5557.18. The 
difference, 42.56, agrees well with the value 
table 

When the general theory relativity was an- 
nounced, observations the earth’s orbital motion 
were not precise enough for detection the 
relativity effect, but with the greater precision 
recent observations can now done. The 
most precise determination the earth’s orbital 
motion given observations the and 
the observed rate rotation the orbit 
Observations Mercury yield 
some information also about the earth’s orbit, be- 
cause every observation establishes the direction 
line from the earth Mercury, and hence 
depends the earth’s position well 
Mercury’s. Observations Mercury? give for 
the rate rotation the earth’s orbit 6182.0 
3.6. Weighting these two determinations ac- 
cordance with their assigned probable errors gives 
the observational result 6183.7 1.1, com- 
pared with the theoretical value 6179.1. The dif- 
ference, 4.6, agrees well with the value table 

obvious from the data table that ob- 
servations Mars ought yield good test 
general relativity. The Newtonian theory the 
motion Mars is, however, defective way 
that makes the theoretical rotation the orbit 
uncertain, and this test must await revision the 
theory, which task considerable magnitude. 

The foregoing approach the subject this 
article the traditional one, and differs from its 
predecessors only respect the greater preci- 
sion the data. There is, however, totally 
different approach, first suggested Pro- 
fessor Jan Schilt Columbia University, which 
far more fruitful. 

Among the most difficult problems astronomy 
the establishment inertial frame ref- 
erence. All observations position are made 
frame which known the speed 
rotation known the general precession. 
The general precession function the masses 
the sun and moon and the earth’s rota- 
tional moments inertia, with small well- 


M., The motion Mercury 1765-1937, 
Astron. Pap. Amer. Ephemeris 11: 1-221, 1943. 

Morgan, R., The earth’s perihelion motion, Astron. 
Jour. 51: 127-129, 1945. 
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determined increment given general relativity. 
(The small planetary contributions need not con- 
cern here.) These parameters are not known 
with sufficient precision that the speed the 
general precession can calculated with the 
necessary accuracy; hence must determined 
observation. Hitherto, all determinations 
that have any claim precision have been made 
the assumption that the frame reference 
defined the stars inertial frame, more 
strictly speaking, that the stars system have 
component rotation parallel the plane 
the earth’s orbit. one knows whether this 
assumption true not, and independent 
method measuring the precession much 
desired. The stellar determination subject 
another the stars have individual 
motions their own that are quite appreciable, 
and has assumed that these individual 
motions cancel one another the aggregate. 

has been proposed use the system the 
extragalactic nebulae frame reference 
which may supposed inertial, and pro- 
gram now progress the Lick Observatory 
for this purpose. The difficulty that long 
time, perhaps fifty years, will required refer 
the stellar motions the nebulae with sufficient 
precision. 

the meantime another method shows consid- 
erable promise. The motions the perihelia 
and nodes the planetary orbits, calculated 
theoretically, are referred inertial frame. 
But the observations are made the rotating 
frame necessarily used astronomers. The dif- 
ference between the theoretical motions (includ- 
ing the relativity effects) and the observed mo- 
tions should give the general precession directly. 
This method not new conception. was 
attempted 1905; the results ob- 
tained without including the relativity effects were 
absurd. applied 1922 with 
more success, but appears that solution the 
requisite precision now for the first time within 
our grasp. Such solution must include not only 
the motions the perihelia Mercury 
the earth, but also Mars and possibly Venus, and 
the nodes these planets. will also de- 
sirable include certain minor planets, following 
the suggestion Professor Dirk Brouwer 
Yale University. But all these data are now 


E., Uber Koordinaten und Zeit, Encykl. 
Math. Wiss. 1-15, 1905. 

Bauschinger, J., Die astronomische Festlegung des 
Die Naturwissenschaften 10: 
1010, 1922. 


: 
| 
| 
| 
Sak 
“ie Mee 


534 CLEMENCE 


TABLE 
CONTRIBUTIONS THEORETICAL PERIHELIA 


| 
m~! Mercury Earth 
Venus 408 000 400 
Mars 3 088 000 t 3 000 2.536 +-0.00) 97.69 +0.1 
Jupiter 1 047.39 + 0.03) 153.584+0.00! 696.85+0.0 
Uranus 22 800 t 300 0.141 +0.00} 0.57 +0.0 
Neptune 19 500 + 300 0.042 +0.00 0.18 +0.0 
Solar oblateness 0.010 +0.02 0.00 +0.0 
Moon 6 7.68 +0.0 
Relativity effect 43.03 +0.03 3.8 +0.0 
General precession (Julian century) 5025.645 5025.65 +0.3 
Sum 5600.21 6182.9 
Observed motion | 5500.74 +0.41| 6183.7 +1.1 
Difference 
| 


only remains make the necessary 
calculations. 

Using only the perihelia Mercury and the 
earth not possible actually obtain any 
result for the precession much value, owing 
partly the errors the observations, and partly 
the uncertainty the masses Mercury and 
Venus. possible, however, indicate the 
lines along which the complete solution will pro- 
ceed, and draw some tentative conclusions, in- 
cluding good determination the mass 
Mercury. 

table are given all the separate contribu- 
tions the motions the perihelia Mercury 
and the earth, with their probable errors. The 
quantities are the reciprocals the planetary 
with the sun’s mass unity; any change, 
percentagewise, value produces the 
same change the contributions the motions 
the perihelia. Owing the uncertainty the 
masses Mercury and Venus, corrections the 
assumed masses must considered well the 
determination the precession. 
value the precession itself therefore included 
the table, and the discrepancy between the ob- 
served motion and the total the table ascriba- 
ble errors the assumed precession and 
the assumed masses. All the data table 
are taken from previous with the ex- 
ception the probable errors attached Venus 
and the precession. seems me, after much 
reflection, that the probable errors have pre- 
viously assigned these two quantities are too 
large, and fact begin approach the maximum 
errors that can imagined exist. After con- 
siderations far too lengthy mention here have 
concluded put them their presently adopted 


Clemence, M., The relativity effect planetary 
motions, Rev. Mod. Phys. 19: 361-364, 1947. 
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values. may appropriate mention, how- 
ever, that the probable error given for the preces- 
sion three times the formal probable error, and 
that the case Venus had previously adopted 
Sitter’s probable error, although since his time 
cause has been found for rejecting two very dis- 
cordant determinations this quantity. 

used denote the correction the 
tabular precession, and and denote the 
percentage corrections the masses Mercury 
and Venus, then the two equations condition 
derivable comparing the tabular 
served motions are 


Since the provisionally adopted values the 
precession and the planetary masses are inde- 
pendent the present observational data, three 
more equations condition may these 
are 


these five equations are solved least 
squares, the results are, with their formal prob- 
able errors, 


The result for the precession 
may, however, stated that negative correc- 
tion the provisional value more probable than 
positive one. The results for the masses 
Mercury and Venus are gréater interest. Cor- 
having the reciprocal 6,400,000 200,000, and 
corresponding for Venus, 408,150 200. 
think that the formal probable errors ought 
doubled order arrive true estimate the 
uncertainty the results, which judgment 
appear more than the data are 
capable of, probably result fortuitous 
agreement among the five equations. Notwith- 
standing this, inclined regard the result 
for the mass Mercury more reliable far 
than any previous one. 

Regarding the precession interest 
notice that has recently obtained, 
applying the classical method modern star 
observations, somewhat larger negative correc- 
tion than that given here. 


Article appear Astron. Jour. 


RELATIVITY THEORY STIMULUS MATHEMATICAL RESEARCH 


HERMANN WEYL 


Professor Mathematics, Institute for Advanced Study 


the influence which the physical theory 
relativity had upon purely mathematical re- 
search different mathematicians will dif- 
ferent opinions. But unlikely that anybody 
today would agree with Study, Felix Klein’s 
contemporary and life-long enemy, man 
considerable merit his field and violent 
temper, who, book published 1923, accused 
the writers relativity theory and tensor cal- 
culus having laid waste rich cultural domain 
(ein reiches Kulturgebiet der Verwahrlosung 
anheimgegeben haben), that rich cultural field 
being the algebraic theory invariants. What 
got Study’s goat was the fact that the symbolic 
method and the classical notations that theory 
had been more less ignored the relativists. 
shall come back his problems later on. 
Anyhow would not stand here and try say 
some words about the topic which the program 
announces, were not convinced that relativity 
theory during the last decades has been in- 
vigorating rather than devastating influence 
the several branches mathe- 
matics, including the theory invariants. Nor 
difficult prove point; the facts speak 
too unmistakable language. 

The relativity problem one central sig- 
nificance throughout geometry and algebra and 
has been recognized such the mathemati- 
cians early time. played great role 
Leibniz’s philosophical-mathematical ideas. 
the nineteenth century the concept group 
transformations was devised and developed 
the adequate tool for dealing with it. Suppose 
realm objects, which may called points, 
given you. Those transformations, those 
one-to-one mappings the point field into itself 
which leave all relations objective significance 
between points undisturbed, form group, the 
group automorphisms. some way co- 
ordinates, self-created reproducible symbols like 
numbers, are assigned the points then any 
automorphism carries this assignment over into 
new one from which objectively indis- 
cernible (to use Leibniz’s word). Hence any 
coordinate assignment requires act choice 
which one picks out one from class 
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equally admissible coordinate systems. The 
class objectively characterized, but not the 
individual coordinate assignment. Galois’ 
algebraic equation degree with rational 
coefficients. objective relations are those 
expressible terms the fundamental opera- 
tions addition, multiplication, subtraction, 
and division, all relations the form 
nomial the variables with rational 
coefficients. Labeling the roots 
amounts coordinate assignment. trans- 
automorphism permutation which leaves all 
tional coefficients undisturbed; the automor- 
phisms form the Galois group. Examples from 
geometry are probably more familiar this 
audience. the three-dimensional Euclidean 
vector space frame reference consists 
Relative such frame any vector can 
described the triple its coordinates 
Transition from one such frame arbitrary 
other effected orthogonal transformation 
the coordinates x2, x3, and these trans- 
formations constitute the group automor- 
phisms. affine vector geometry this group 
replaced the group all homogeneous linear 
transformations with non-vanishing determinant 
(or, one follows Euler, with determinant 1). 
the first half the nineteenth century pro- 
jective geometry had arisen, whose group 
automorphisms consists all collineations, i.e., 
all point transformations that carry straight 
lines into straight lines. had added his 
spherical geometry, the automorphisms which 
carry spheres into spheres. space three 
more dimensions the group trans- 
formations coincides with that all conformal 
transformations. which seem have 
guided implicitly his investigations, 
but could not formulated without the group 
concept, were made explicit Felix Klein 
his famous Erlanger program, 1872. Transi- 
tions between equally admissible coordinate 
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assignments frames reference Klein 
space find their expression group co- 
ordinate transformations. Klein 
geometry this group, which the mathemati- 
cian feels free choose likes: point rela- 
tions are then said objective significance 
they are invariant with respect the group 
two configurations points are considered objec- 
tively alike one carried into the other 
operation the group. For instance, the 
group transitive, shall assume the 
future, all points are alike, the space homo- 
geneous. 

According special relativity the- 
ory the four-dimensional world the space- 
time-points Klein space characterized 
definite group and that group the one most 
familiar the geometers, namely the group 
similarities—with one very important 
difference however. The orthogonal transfor- 
mations, i.e., the homogeneous linear transforma- 
tions which leave 


unchanged have replaced the Lorentz 
transformations leaving 


invariant. This was certainly surprise the 
mathematicians. But did not disturb them 
very greatly; Minkowski made the necessary 
adjustments once. Indeed algebraic geom- 
etry they had become used considering their 
variables capable arbitrary complex values; 
for that made their theories much simpler, 
owing the fact that the field all complex 
numbers algebraically closed, i.e., that 
arbitrary algebraic equation degree with 
coefficients the field always has roots the 
field. Now the domain complex numbers 
there difference between (+) and 
indeed (+) goes over into (—) substituting 
for But the last forty odd years 
algebra has reversed its position: not only has 
recognized the right the field real numbers 
besides that the complex numbers, but 
carries its investigations, whenever possible, 
arbitrarily given field numbers, longer 
assuming that this underlying field, though 
closed with respect the operations addition, 
subtraction, multiplication, and division, also 
algebraically closed. non-degenerate quad- 
ratic forms with coefficients given field 
belong the same genus one may carried 
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into the other linear transformation with 
coefficients Special relativity could have 
taught the algebraists this lesson: not ignore 
other genera quadratic forms besides the 
principal genus represented the unit form 
arithmetical theory quadratic forms, classic 
subject from Gauss Minkowski, they had 
never ignored them. afraid, the geometers 
had. Yet one can hardly say that here the 
mathematicians received new stimulus from 
relativity theory; rather Klein’s Erlanger pro- 
gram and the distinction genera quadratic 
forms was happy concordance with relativity 
theory, and discovery gave support 
these geometric and conceptions 
exhibiting one very important and quite un- 
expected application physics. 

are used today look mathematical 
questions from the standpoints abstract 
algebra and topology. Between the orthog- 
onal and the Lorentz group there topological 
difference much more incisive than the algebraic 
difference genus: the one compact mani- 
fold, the other not. The most systematic 
part group theory deals with the representa- 
tions groups linear transformations. 
resentations Hilbert space finite in- 
finitely many dimensions are supreme interest 
quantum mechanics. the group finite 
every such representation breaks into irre- 
ducible parts finite dimensionality; the entire 
theory, one the proudest buildings mathe- 
matics, dominated the orthogonality and 
completeness relations. They carry over from 
finite compact groups. The theory Fourier 
series nothing but the representation theory 
the group rotations circle. Pleased 
the beauty and harmony this theory 
representations compact groups, the mathe- 
maticians shyed away for some time from the 
more complicated and less harmonious situation 
that had expected for non-compact 
But the Lorentz group and the interest which 
quantum mechanics has its representations 
Hilbert space finally forced the issue: Barg- 
mann this country and Gelfand and Neumark 
Russia mustered enough courage tackle the 
representations the Lorentz group Hilbert 
space, and the Russians went develop the 
theory for any groups that are locally but not 
globally compact. 

There hardly any doubt that for physics 
special relativity theory much greater con- 
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sequence than the general theory. The reverse 
situation prevails with respect mathematics: 
there special relativity theory had comparatively 
little, general relativity theory very considerable, 
influence, above all upon the development 
general scheme for differential geometry. The 
kind world geometry Einstein needed put 
into mathematical form his central idea 
inertial field that not only acts upon matter but 
also acted upon matter, found ready- 
made the mathematical literature: from Gauss’ 
theory surfaces Euclidean space Riemann 
had abstracted his conception n-dimen- 
sional Riemannian space. Here the coordinate 
assignment remains quite arbitrary, subject 
arbitrary (differentiable) transformations. 
coordinate system usually covers only part 
the manifold; finite even infinite number 
partially overlapping patches are needed 
cover completely. But this little concern 
us, long are still far from overlooking 
the four-dimensional world its entire exten- 
sion. The fact that infinitesimal neighbor- 
hood point Pythagoras’ theorem supposed 
prevail finds its expression Riemann’s 
formula 


(*) 


for the square the length line element 
that leads from the point (x, 
arbitrary infinitely near point dx, 
The coefficients g;; not de- 
pend the line element but will general vary 
from point point. Riemann had gone some 
distance developing this kind geometry, 
which clearly follows trend entirely different 
from Klein’s Erlanger program; had, par- 
ticular, derived what now called the Riemann 
curvature tensor. elaborate mathematical 
machinery for Riemannian geometry had been 
set under the name Absolute Differential 
Calculus Ricci and Levi-Civita. These 
things, which Einstein learnt from his friend, the 
mathematician Marcel Grossman 
enabled him write down the equation mo- 
tion for planet and the differential equations 
for the gravitational field, without appeal 
experience, purely speculative and yet 
astonishingly compelling manner. And Nature 
graciously confirmed his laws with clear 
O.K. one can ever get from her. 

The great importance which Riemannian 
geometry acquired for Einstein’s theory gravi- 
tation gave the impetus develop this geometry 
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further, study more carefully its foundations 
and, consequence such analysis, gen- 
eralize various directions. The first and 
decisive step was Levi-Civita’s discovery the 
notion infinitesimal parallel vector displace- 
ment. Let begin with Gauss’ representation 
surface Euclidean space. The points 
the surface are referred arbitrary coordi- 
nates x1, X2, the location the point the 
the vector leading that space from 
the origin the space point The incre- 
ment 


the line element joining x2) with the 
this way comes about that the two-dimen- 
sional linear manifold the tangent vectors 
referred the affine vector basis consisting 
the two vectors 


The metric structure this vector compass 
taken into account, only afterwards, were, 
expressing the square the length asa 
quadratic form its components with 
certain coefficients Thus the two-dimen- 
sional Euclidean vector space, the compass 
here treated affine space which 
quadratic form joined the 
similar fashion affine space sometimes treated 
projective space which one plane has been 
absolutely distinguished the in- 
There obvious artificiality this 
procedure falsifies the group, speak; 
but also obvious how Gauss’ approach led 
this treatment. But the natural frame for 
the compass would Cartesian one consisting 
the point choose such frame without 
tying the coordinates which the 
neighborhood the surface referred. The 
line element PP’ will then given ex- 
pression PP’ where the are linear 
differential forms Invariance 
must prevail (1) with respect arbitrary trans- 
formations the coordinates x;, (2) with respect 
arbitrary rotation the frame the 
vector compass arbitrary the sense that 
This scheme which Cartan always used 
better suited the nature the Pythagorean 
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metric. one tries fit theory 
the electron into general relativity, becomes 
imperative adopt the Cartan method. For 
four are relative Car- 
tesia. (or rather Lorentz) frame. One knows 
how they transform under transition from one 
Lorentz frame another (spin representation 
the Lorentz group); but this law transforma- 
tion such nature that cannot extended 
arbitrary linear transformations mediating 
between affine frames. 

Let return the surface Euclidean space. 
nearby surface point parallel displacement 
the embedding Euclidean space. The thus 
obtained longer tangential P’; there- 
fore split into its tangential and its (infini- 
and throw away the latter: 
process infinitesimal parallel displace- 
ment the surface. first looks de- 
pended the embedment the surface into 
the surrounding Euclidean space; but when one 
carries out the computation, turns out 
completely determined the intrinsic metric 
the surface. Hence must possible give 
intrinsic definition the process. The first 
obvious property Levi-Civita’s displacement 
that leaves the length the vector un- 
changed. combination with another intrinsic 
condition, which shall not formulate but only 
this leads indeed unique determination 
the connection” virtue which each 
vector goes over into definite vector 
the infinitely near point P’. After the notion 
thus made independent embedding Eu- 
clidean space, becomes applicable any two- 
dimensional, nay any n-dimensional Rieman- 
nian manifold. 

affinely connected manifold one which the 
process infinitesimal parallel vector displace- 
ment satisfying the condition closure de- 
fined. fact that the whole tensor analysis 
with its derivatives’’ makes use 
the affine connection only, not the metric. 
Also Riemann’s curvature finds its place here. 
Indeed one carries the compass suc- 
cessive steps infinitesimal parallel displace- 
ment around circuit returning the start 
then the compass will general not return 
its initial position, but one that arises from 
the initial position certain rotation around 
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This rotation essentially what Riemann 
called curvature and what should perhaps more 
appropriately called vector vortex. The 
affine notions covariant differentiation and 
curvature become applicable Riemannian 
geometry owing the fact that the Riemann 
metric uniquely determines the affine connection. 

Thus affine infinitesimal geometry has 
sprung beside Riemann’s metric one. One 
may say that the causal structure the universe 
the immediate neighborhood the world point 
Hence Riemannian metric g;; and metric 
the same space lead the same causal 
conformal structure g*;; with positive 
Such features Riemannian space are 
conformal are not affected the change 
One can also easily describe under 
what conditions two affine connections are 
equivalent the sense that they lead the 
same geodesics and thus the same inertial 
projective structure. What happens, one may 
further ask, when one replaces the geodesics 
any families curves such nature that 
through every point every direction there 
goes one these lines? (General geometry 
paths.) 

Now here clearly rich food for mathematical 
research and ample opportunity for generaliza- 
tions. Thus schools differential geometers 
sprang the wake general relativity. 
Here Princeton Eisenhart and Veblen took 
the lead, Schouten Holland. France, 
Cartan’s fertile geometric imagination disclosed 
many new aspects the subject. Some their 
outstanding pupils are Tracy Thomas and 
Thomas Princeton, van Dantzig Holland 
and Shiing Shen Chern the Paris school. 
lone wolf Zurich, Hermann also busied 
himself this field; unfortunately was all 
too prone mix his mathematics with 
physical and philosophical speculations. sev- 
eral ways these authors soon arrived the con- 
clusion that better establish projective 
differential geometry not abstraction from 
the affine brand, described above, but inde- 
pendently, namely associating with each 
point the manifold projective space 
the sense Poncelet and Pliicker, this homo- 
geneous space taking the place the affine 
vector compass the affinely connected mani- 
fold. the same manner general conformal 
geometry may developed associating with 
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each point Mébius space The general- 
ization evident. Let manifold and 
homogeneous Klein space defined transi- 
tive group transformations, given. 
Assume that with each point there asso- 
ciated copy the Klein space, and that 
carried over the space associated with 
tesimal operation the group that depends 
linearly the relative coordinates dx; 
with respect The manifold least 
part it, referred coordinates each 
must choose admissible frame refer- 
ence, with respect which the points are 
represented coordinates Since the Klein 
space supposed generalize the affine tangent 
vector space, natural assume that 
the point The frame for may 
further natural assume that the 
infinitesimal vectors issuing from 
the one hand, and those issuing from 
the other hand, are ‘‘in dint 
one-to-one linear mapping. This assumption 
brings about that has the same number 
sume that, the infinitesimal vector OO, 
will carry into the center But 
other restrictions should imposed. Carrying 
successive steps infinitesimal displace- 
ment around circuit shall, when return 
into itself, operation the Klein group that 
independent the choice coordinates 
and also, this understood the proper sense, 
the choice admissible frames all the 
Klein spaces associated with the various points 
will, course, depend the circuit 
described. This automorphism the generaliza- 
tion Riemann’s curvature. Hence have 
here before the natural general basis which 
that notion rests. The infinitesimal trend 
geometry initiated Gauss’ theory curved 
surfaces now merges with that other line 
thought that culminated Klein’s Erlanger 
program. 

not advisable bind the frame refer- 
ence the coordinates covering the 
old treatment affinely connected manifolds 
misleading. What said about Cartan’s method 
dealing with Riemannian geometry was in- 
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tended illustration this lesson. 
studying curves three-dimensional Euclidean 
space one does not use stationary Cartesian 
frame but associates with the point traveling 
along the curve mobile frame that adapted 
the curve the most intimate manner, 
namely the Cartesian frame consisting tan- 
gent, principal normal, and binormal. Freedom 
means adaptability. Cartan coined the phrase 
méthode mobile for this procedure. Also 
the modern development infinitesimal geom- 
etry the large, where combines with topology 
and the associated Klein spaces appear under the 
name fibres, has been found best keep the 
the frames the fibre spaces, inde- 
pendent the coordinates the underlying 
manifold. 

The temptation great mention here some 
the endeavors that have been made utilize 
these more general geometries for setting 
unified field theories encompassing the electro- 
magnetic field beside the gravitational one 
even including not only the photons but also the 
electrons, nucleons, mesons, and whatnot. 
shall not succumb that temptation. 

Nobody can predict what sort geometric 
structures may thought up, and hence 
would foolish claim that our pattern 
associated Klein spaces and their displacement 
universal. Whatever the structure, must 
described some arithmetical way relative 
frame reference whether that frame 
consists coordinate system for the manifold 
coordinate system for plus admis- 
sible frames references for each associated 
Klein space, something even more com- 
plicated. Always the problem equivalence 
arises, i.e., the question under what conditions 
two such structures can carried into each 
other change the universal frame 
was the attempt solving this problem for 
Riemannian geometry that Christoffel first intro- 
tuced his 3-indices symbols which later were 
interpreted Levi-Civita describing infini- 
tesimal vector displacement, and that Riemann 
constructed his curvature tensor. This example 
typical. number important cases the 
attempt solving the equivalence problem led 
associating Klein spaces with the points 
the manifold and defining their infinitesimal 
displacement. Auxiliary variables that had 


introduced could interpreted coordinates 
the fibre space 


Hence practice the 


gh. 

i 
q 
i 

sat 


540 


scheme has proved fairly universal applica- 
bility. 

wish say word about treatment 
Riemannian geometry. each point 
the manifold the vector compass bears Car- 
tesian frame The infinitesimal vector PP’ 


means coefficients that are linear differ- 
ential forms the Passing from the 
near-by point obtain two Cartesian frames 
P’: the one that associated with and the 
one into which the frame associated with goes 
over parallel displacement from 
These two frames are linked infini- 
tesimal rotation 


the coefficients which are again linear dif- 
ferential forms. The displacement the vector 
compass now described (1), (2). The con- 
dition closure, which never formulated, 
makes the expressible terms the 
The adequate instrument for carrying out the 
calculations which such set-up inevitably 
leads calculus fully developed Cartan; 
deals with multilinear differential forms and 
their multiplication and derivation. 
This subject considerable importance 
several branches mathematics including topol- 
ogy. 


OX; 

ferential can formally derive 

that interpreting this formal expression one as- 

sumes the antisymmetric rule 


for the multiplication the differentials 
then perhaps more sincere introduce two 
independent line elements and and let 
stand for the skew-symmetric bilinear differential 
form 


The marvelous thing about this kind deriva- 
tive its invariance with respect arbitrary 
coordinate transformations. itself the 


derivative derivative always zero. 


Max- 
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theory the electromagnetic field gives 
perfect illustration for this calculus. The poten- 
tials form the coefficients invariant 
differential form rank its deriva- 
tive dg, (3), rank gives the electro- 
must vanish, 


magnetic field strength Since 


The symbolism here employed not strange 
may strike you. Indeed look the cus- 
also the proper meaning 
two line elements dx, would more fully 
exhibited writing the determinant 
only this form indicates without 
explanation what happens the integral under 
transformation coordinates. Multiplication 
linear forms 


must course also submitted the anti- 
how pass higher ranks. the integral 
theorems vector and tensor analysis are special 
cases the general Stokes formula which deals 
with the integral differential form rank 
over r-dimensional (orientable) manifold im- 
bedded the space with the coordinates the 
integral the derivative over manifold 
over the boundary The 
law that the derivative derivative vanishes 
thus the dual counterpart the topological 
law that the boundary something always 
closed, i.e., has the boundary zero. The ques- 
tion whether form the derivative which 
vanishes, itself derivative leads straight 
the topological theory homologies 
homologies; Rham’s work fundamental 
that respect. 

impressive example demonstrating the 
power this technique which the méthode 
mobile combines with the calculus 
linear differential forms brief paper Chern, 
Annals Mathematics, vol. 45, which gives 
intrinsic proof for the analogue the 
Bonnet formula Riemannian space 
trary even dimension. The classical Gauss- 
Bonnet formula states for closed surface 
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three-dimensional Euclidean space that the in- 
tegral its Gaussian curvature equals 
where the even integer the most important 
topological invariant, the Euler characteristic. 
Allendoerfer had derived the formula for 
Riemannian space even dimension imbedded 
Euclidean space, Chern freed from the 
imbedding space.' this perhaps the sim- 
plest instance relation between the differ- 
ential and the topological properties space, 
and seems that there are still many deep 
problems solve this field. 

one tries understand what behind the 
formal apparatus tensor calculus that used 
general relativity, one arrives with necessity 
the general notion covariant quantity. 
Let take those transformations the Klein 
space mediating between admissible frames 
reference which leave the center fixed. 
They form group covariant quantity 
definite type described relative admis- 

which vary independently over all real 
values while the quantity ranges over the mani- 
fold all its possible values. The components 
the same quantity relative another 
admissible frame are connected with the 
linear transformation X’; the 
cients which are determined the opera- 
tion the group that carries into f’. 
Composition the group elements must 
reflected the composition the corresponding 
linear transformations then speak 
subsitutions, and that representation defines the 
type the covariant quantity. the last 
decades quite elaborate theory representa- 
tions continuous Lie groups has developed, 
which algebraic, differential, and integral methods 
are blended with each other fascinating 
manner. Here those problems which according 


1As matter fact, before him Allendoerfer and 
Weil had given proof embedding each the cells into 
which the space cut into Euclidean space. Chern 
got rid this embedding device. 
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Study’s complaint the relativists had let 
the board are attacked much deeper 
level than the formalistically minded Study had 
ever dreamt of. For the representations the 
linear group the symmetry characters studied 
Young’s Quantitative Analysis and dif- 
ferent manner Frobenius, proved great 
importance. Their bearing upon the quantum 
mechanics systems consisting equal particles 
(e.g., electrons) has been disclosed Wigner. 
For the orthogonal group Cartan found host 
double-valued irreducible representations not 
less numerous than the single-valued ones. Their 
appearance due the topological fact that 
the orthogonal group not simply connected 
but has simply connected covering manifold 
two sheets extending over without bound- 
aries and ramifications. The most elementary 
these double-valued representations the spin 
representation which Dirac used his Lorentz- 
invariant quantum theory the electron. 

course would foolish maintain 
that all these investigations have their origin 
relativity theory. Indeed Frobenius and Issai 
Schur’s spadework finite and compact groups 
and Cartan’s early work semi-simple Lie 
groups and their representations had nothing 
with it. But for myself can say that the 
wish understand what really the mathe- 
matical substance behind the formal apparatus 
relativity theory led the study represen- 
tations and invariants groups; and experi- 
ence this regard probably not unique. 

What the upshot all? Relativity the- 
ory intimately intertwined with number 
important branches mathematics. influ- 
ence mathematics’ has been far less revolu- 
tionary than physics and the epistemology 
natural science; for its pattern fitted perfectly 
into the pattern ideas already current 
mathematics. But just because could ab- 
sorbed readily mathematics has stimu- 
lated the development and elaboration those 
mathematical ideas which had natural 
affinity. 
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DR. ALBERT EINSTEIN AND AMERICAN COLLEAGUES, 1931 


The text Dr. Einstein’s own hand his reply the welcome scientists the California 
Institute Technology 1931 has recently been deposited Seymour Adelman the Library 
the American Philosophical Society and here reproduced facsimile and translation with the 


introductory address that time Dr. Robert Millikan. 


Science. 


translation has previously been pub- 


DR. MILLIKAN’S INTRODUCTION 


now have the extraordinary pleasure intro- 
ducing Professor Einstein himself, but doing 
wish dispel very common misconception, 
for the average man, who only knows science from 
afar, labors, suspect, under the misunderstand- 
ing that honor Einstein only because was the 
author the theory relativity. Now, every 
physicist knows that the Nobel Prize committee, 
which awarded him that honor 1921, did not 
have consider the theory relativity all 
making that award. They might have given 
any one least four grounds, and the scientific 
world would have been unanimous applauding 
the award any one them. myself have the 
best reasons for knowing which one these 
four they actually chose, for the late Professor 
Gullstrand, the chairman the Nobel committee, 
making the 1923 award stated that was the 
experimental verification the Einstein photo- 
electric equation that removed all doubt its 
validity the minds the committee, that they 
chose the first theoretical statement that equa- 
tion 1905 Professor Einstein the basis 
the award him 1921 and the experimental 
verification thereof the half basis the 1923 
award. Now, this equation has nothing whatever 
with relativity, but think that all students 
modern physics will agree that quite 
far-reaching significance relativity, or, 
indeed, anything that has appeared modern 
physics, for necessitated, soon was 
firmly established, our return least semi- 
corpuscular theory the nature radiant energy. 
The extraordinary penetration and boldness which 


Einstein showed 1905 accepting new group 
experimental facts and following them what 
seemed him their inevitable consequences, 
whether they were reasonable not, gauged 
the conceptions prevalent the time, has never 
been more strikingly demonstrated. 

Any small contributions that myself may have 
made the progress physics have been largely 
the nature experimental verification pre- 
dictions contained three theoretical equations 
first set Einstein, and but one these has 
had anything with relativity. The first 
these was the Brownian movement equation 
(1905) whose verification number ob- 
servers removed the last doubts the atomic 
theory matter; the second was the afore- 
mentioned photoelectric equation (also 1905), 
which changed radically our conception the 
nature the third was the equation ex- 
pressing the interconvertibility mass and energy. 
This grew out special relativity (also 1905) 
and has recently predicted for verifiable 
relations the radio-active field, and also con- 
stitutes the most important basis for the cosmic 
ray conclusions that now wishing draw. 
All these three are equal significance, think, 
with the predictions from the general theory 
relativity, the experimental verification which 
Dr. Campbell has just described. You can throw 
general relativity into the waste basket, you will, 
and Professor Einstein’s position the leading 
mind the development our modern physics 
would still remain unchallenged. very high 
honor able introduce him the associates 
tonight. 
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Cisse, 


— 


DR. ALBERT EINSTEIN 


TRANSLATION ADDRESS 


From far away have come you; but not 
strangers. have come men who for many 
years have been true comrades with 
labors. You, honored Dr. Michelson, began 
this work when was only small boy, not even 
high. was you who led the physicists 
into new paths, and through your marvelous ex- 
perimental work paved the way even then for the 
development the theory relativity. You un- 
covered insidious defect the ether theory 
light, then existed, and stimulated the ideas 
Lorentz and FitzGerald, out which the 
special theory relativity developed. These 
turn led the way the general theory relativity, 
and the theory gravitation. Without your 
work this theory would today scarcely more 
than interesting speculation; was your veri- 
fications which first furnished the real basis for 
the theory. Campbell’s determination the bend- 
ing rays light passing the sun; St. John’s 
determination the red shift spectral lines due 
the gravitational potential existing the sur- 
face the sun; Adams’ determination the red 
shift the light which comes from the com- 
panion some the best support 
for the general theory relativity. Beyond all 
this, the studies your wonderful observatory, 
through the recent discoveries [of Hubble] con- 


cerning the dependence the red shift the 
spectral lines the spiral nebulae their dis- 
tance, has dynamic conception the 
spatial the universe, which Tolman’s 
work has given original and especially illumi- 
nating theoretical expression. 

Likewise the realm the quantum theory 
grateful you for important assistance be- 
cause your fundamental experimental investiga- 
tions. Here acknowledge gratefully Millikan’s 
researches concerning the photo-electric effect, 
which first proved conclusively that the emission 
electrons from solid bodies under the influence 
light associated with definite period 
vibration the light itself, which result the 
quantum theory especially characteristic for the 
corpuscular structure radiation. 

While let spirit reflect upon all this, ac- 
count myself exceedingly fortunate able 
sit table with you here joyous mood, full 
the happy conviction that your researches will 
continue through the future broaden and deepen, 
without let hindrance, our knowledge the 
mysterious forces nature. From heart 
thank you all. 


Albert Einstein 
Pasadena. 12. II. 31. 
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